In this paper the liquid phase heteroepitaxial growth of two-dimensional strained islands on nanomembranes is examined via an amplitude expansion of a binary phase field crystal model. The maximum size that the islands can grow to coherently is shown to be strongly dependent on the nanomembrane thickness and to a lesser extent on the flux rate. For a large membrane-island misfit of about 10%, islands were found to be able to grow coherently with the membrane to almost twice as large as those grown on thick membranes (or infinite substrates). It was also found that when islands are growing on both sides of the membrane, strain relaxation in the membrane leads to more and less favorable growth regions. For thinner membranes this effect increases the degree of ordering of the islands, a result consistent with recent experimental findings.
Introduction
The growth of epitaxial films often gives rise to complex spatial structures that can degrade or enhance the properties of the sample depending on the intended purpose. In a typical scenario the film initially grows layer by layer, then starts to develop small mounds or islands due to a strain induced instability (Asaro-Tiller-Grinfeld instability [1, 2] ) and eventually nucleates dislocations that will climb to the film-substrate interface.
While this strain induced morphological instability can in principle be exploited to spontaneously create an ordered array of mounds (or quantum dots) it is often difficult to obtain the high degree of order required in electronic or optoelectronic applications. Motivated by recent experiments on the heteroepitaxy of SiGe islands on Si nanomembranes [3, 4] and ongoing experiments of III-V materials (e.g., InAs) on Si [4, 5] this paper examines the formation and evolution of strained islands on very thin nanomembranes.
Growth of epitaxial films or islands on thin nanomembranes differs from growth on thick substrates in that the island can more easily deform a thin membrane than a thick substrate. Releasing some strain in the membrane allows the island to grow to larger sizes before misfit dislocation nucleate at the island-membrane-vapor junction. In addition when a single island grows it induces a deformation in the membrane that is spatially dependent, such that there exist preferential regions for islands to nucleate on the opposite side of the membrane. This can give rise to correlated island growth and potentially a spontaneously ordered array of quantum dots. Such an effect could be exploited for the development of a spatially modulated strain in the Si membrane which in turn could modulate the band gap and be used in nanoscale electronic or thermoelectric devices [3, 4] .
In this paper the two-dimensional liquid phase epitaxial growth of islands on a nanomembrane is examined using an amplitude representation of a recently developed binary version [6, 7] of the phase field crystal (PFC) model [8] [9] [10] .
In general the PFC model allows a description with atomic scale resolution on diffusive timescales and can be used to describe elastic and plastic deformations for arbitrary crystal orientation. The binary PFC also allows the description of phase segregation or for the present purpose, two coexisting crystalline states with different lattice constants. An amplitude representation of PFC models has already been developed for the single-component system with [11] and without [12] [13] [14] spatial variation of the average atomic density, and for the binary PFC model [15] . Such representations incorporate atomic details of the crystalline structure and defects such as dislocations, can be shown to be consistent with continuum elasticity theory in the long wavelength limit [15] [16] [17] and are amenable to adaptive mesh refinement schemes [18] . The computational advantage of using such schemes is that the amplitudes vary on length scales larger than the atomic spacing 0953-8984/10/364103+06$30.00 © 2010 IOP Publishing Ltd Printed in the UK & the USA and as such allow for larger grid spacing (and time steps in explicit algorithms). In section 2 a brief introduction to the amplitude representation of the binary PFC model is presented. The growth of single and multiple islands on nanomembranes is presented in sections 3 and 4 respectively. In section 5 a discussion of the results and some conclusions are provided.
Binary phase field crystal model
The growth of islands on nanomembranes typically occurs on timescales much larger than phonon timescales (∼ps) and involves the nucleation of single dislocations that are of the size of the atomic spacing. The phase field crystal model [6] [7] [8] [9] [10] can be used to examine this phenomena since it incorporates elasticity and plasticity on atomic length and diffusive timescales. For the physical system of interest it is useful to consider the binary alloy phase field crystal model [6, 7] that describes the dynamics and statics of the dimensionless number density difference, given by n ≡ (ρ A + ρ B − ρ )/ρ and the concentration field ψ ≡ (ρ A − ρ B )/ρ , where ρ A , ρ B and ρ are the atomic number densities of A atoms, B atoms and a reference liquid respectively. As discussed in [15] in the limit of small solute expansion coefficient and equal atomic mobilities the model can be written as,
where F is the free energy functional given by
, ω, u and K are constants depending on material parameters. This model is essentially a very approximate version of the classical density functional theory (CDFT) of freezing [19] [20] [21] or other more recent models [22] .
One of the computational difficulties of this model is that in the crystalline state the field n varies periodically in space on atomic length scales. One method for dealing with this problem is to consider an amplitude expansion of n, i.e.,
where G lmn ≡ l q 1 + m q 2 + n q 3 , ( q 1 , q 2 , q 3 ) are the principle reciprocal lattice vectors and (l, m, n) are integers. The advantage of this description is that the amplitudes (i.e., η lmn ) are spatially uniform for a perfect crystal and vary only 'slowly' when the system is strained. This reduces the need to resolve atomic scales and thus increases computational efficiency. Equations of motion for the lowest order amplitudes have been derived using various methods for a phase field crystal model of pure materials at constant average density (n o ) by Goldenfeld and collaborators in two dimensions [12] [13] [14] . The computational efficiency of this approach was dramatically illustrated by Athreya et al [18] in which an adaptive mesh refinement algorithm was used to simulate grain growth on micron length scales that simultaneously resolved atomic structures such as dislocations. Extensions of these calculations to include a spatially varying n o were undertaken by Yeon et al [11] in two and three dimensions. Furthermore, amplitude expansions for a binary phase field crystal model were recently developed in two and three dimensions for both BCC and FCC structures by Elder et al [15] . It is fairly straightforward to show that these amplitude expansions provide models with full nonlinear elasticity, plasticity and multiple crystal orientations, and reduce to standard phase field models of solidification and phase segregation in the appropriate limits [15, 16] .
For the current study the amplitude representation for the binary alloy will be used to study the two-dimensional growth of quantum dots of one material on a nanomembrane of another material. For a two-dimensional hexagonal lattice the principle reciprocal lattice vectors are
To reproduce a hexagonal lattice to lowest order G 100 , G 010 and G¯1¯1 0 are required (where1 ≡ −1). To simplify notation the amplitudes corresponding to these vectors will be denoted as j = 1, 2 and 3 respectively, i.e, η 1 ≡ η 100 , η 2 ≡ η 010 and η 3 ≡ η¯1¯1 0 . Ignoring higher order amplitudes the equation of motions for η j and ψ can be written as [15] ,
where
with c.c. referring to the complex conjugate,
The phase diagram for the free energy functional given in equation (6) can be obtained by first setting η j = φ (where φ is a constant) and minimizing with respect to φ, leading to an expression of the free energy F in terms of ψ. Maxwell's equal area construction rule can then be used to calculate the phase diagram as a function of B 0 (which is proportional to temperature) and the average value of ψ ≡ψ. A sample phase diagram is shown in figure 1 for the parameter set (B 2 , B x 0 , α, v, t, K , ω, u) = (−1.8, 1.0, 0.26, 1.0, 0.6, 1.0, 0.008, 4.0), which will be also used in all the calculations below. 
Liquid phase epitaxial growth of single islands
To examine the growth of islands on thin nanomembranes, simulations were conducted at a constant temperature, i.e., B 0 = 0.028 (or B 0 = 1.028). At this B 0 value the equilibrium concentrations are ψ − eq = −0.1776 and ψ + eq = 0.1776 for the parameters chosen. This implies lattice constants of a − eq ≡ a 0 (1 + αψ − eq ) = 0.954a 0 and a + eq ≡ a 0 (1 + αψ + eq ) = 1.046 where a 0 = 4π/ √ 3. In the simulations the membrane will be set to concentration ψ − eq and the film or islands will grow at concentrations close to ψ + eq ; thus the mismatch strain between the island and substrate is ε ≈ (a + eq − a − eq )/a − eq = 9.7% which is close to the mismatch between InAs and Si substrate or membrane. Note that an approximate sign is used in the preceding sentence as it is unlikely that the island or membrane will remain exactly at the equilibrium concentrations during growth.
The fixed temperature chosen here is below the eutectic point and the membrane is set initially at the coexistence concentration ψ = ψ − eq (with lattice constant a − eq ) and surrounded by a supercooled liquid phase at various concentrations (ψ S ). In addition the boundaries well above and below the membrane were fixed atψ S and η j = 0. The value of ψ S determines the growth rate of the quantum dots, or in other words is proportional to the flux. Simulations were conducted forψ S from 0.044 to 0.06 in steps of 0.002. To initiate growth of a single island on one side of the membrane a small region of solid phase was seeded just above the membrane. A sample simulation is presented in figure 2 . Figure 2(a) shows the island just before dislocations are nucleated at the islandmembrane-liquid junction. Deformation of the membrane can be seen in this figure. In figure 2(b) , two dislocations that have just nucleated at the island-dot-membrane-liquid junction can be seen. These dislocations then glide towards the locations that release the greatest amount of elastic energy, as seen in figure 2 (c).
The sequence of events shown in this simulation, i.e., coherent growth of a single dot/island, deformation of membrane, nucleation of dislocation pairs and then the glide of dislocations to energy-favorable locations, is also observed in most other simulations. If the membrane is thicker, the and (c), respectively. The left column corresponds to the reconstructed number density difference n, the middle column represents the concentration difference ψ and the right column is the local free energy. For clarity the n images have been expanded by a factor of two. dislocations would nucleate earlier, i.e., with smaller island sizes, and the membrane deformation is relatively smaller. This is illustrated in figure 3 for a membrane of approximately 30 atomic layers in thickness. Measurement of the membrane thickness is approximate since the liquid/crystal interface is not atomically sharp and the membrane thickness varies slightly, typically getting thicker near the island as can be seen in this figure. The uncertainly in all quoted membrane thicknesses is approximately ±2 atomic layers. Comparison of figures 2(b) and 3(b) clearly shows that dislocations nucleate at smaller island sizes for larger thicknesses. Also illustrated in figure 3(c) , is that the basic sequence of events continues to occur when the island grows bigger and more dislocations are nucleated, which results in an evenly spaced array of dislocations at the dot-membrane interface. The distance between dislocations is determined by the lattice mismatch between the dot and substrate, or more precisely the distance is proportional to the inverse of the misfit strain [17] . The appearance of multiple dislocations below islands has also been observed in recent experiments of InAs dots grown on Si(001) substrate [23] . For very thin membranes it is possible for dislocations to nucleate inside the membrane itself and essentially 'break' the membrane. This is illustrated in figure 4 for a membrane of thickness approximately 7 atomic layers.
To characterize the influence of nanomembrane thickness and flux on island growth, the island sizes were measured by first defining the island interface position as the locations at which the concentration is equal to ψ = 0.12. An example of the island interface positions are shown in figure 5 which corresponds to island growth on a membrane of a thickness of approximately 8 atomic layers at a flux withψ S = 0.048. As seen in this figure the width of the island is defined to be X D . To estimate the maximum size that X D reaches before dislocations nucleate, it is convenient to monitor dA/dt (where A ≡ 2 j |η j | 2 ) since a rapid change in this quantity occurs when the dislocations nucleate. A sample plot of dA/dt is shown in figure 6 . The maximum island size, X M , can then be defined as the value of X D when d A/dt reaches a maximum, as illustrated in this figure. The inaccuracy of the measurement of X M arises from two sources, first from the measurement of Figure 5 . Island interface as defined by ψ = 0.12 for an island grown on a membrane of 8 atomic layers thick, with a flux corresponding toψ S = 0.048. From smallest to largest contour the interfaces correspond to times t = 20 000, 60 000, 100 000, 140 000 and 180 000. X D and secondly from determining the exact time at which the dislocations nucleate. The latter error is relatively small since the nucleation events occur quite rapidly in comparison to the rate of growth of the island size, as is evident in figure 6 . The inaccuracy of the values of X D mainly arise due to the difficulty in exactly defining the interface position. Similar to the measurement of the membrane thickness this gives rise to an inaccuracy of all quoted values of approximately ±2 atomic spacings.
The maximum coherent or dislocation-free island size can then be determined as a function of flux and membrane thickness. Results of these calculations are summarized in figure 7 . As can be seen in this figure a significant increase in coherent island size occurs as the nanomembrane thickness decreases. For dots grown on membranes of 30 atomic layers thick the maximum island size is approximately 15a + eq , while for a membrane thickness of 8 atomic layers the islands can achieve a maximum size of approximately 28a + eq without nucleating dislocations. These figures also indicate some weak dependence of the maximum island size on the flux. For infinitely slow growth one should expect that dislocations nucleate as soon as the size of the island reaches the order of 1/ε, since this is the size at which the strain can be completely relieved via the dislocation formation. For very large flux rates the strain induced in front of the island-membrane-liquid junction often results in the nucleation of new growth that joins with the island separated by a dislocation. Somewhere in between these two limits a maximum of island size occurs. As will be discussed in the next section this effect is somewhat reduced at large flux rates if an island nucleates on the opposite side of the membrane which decreases the probability of nucleation events near the dot-membrane-liquid junction.
Liquid phase epitaxial growth of multiple islands
As shown in the previous section, when a single island nucleates and grows it relieves strain in the island by deforming the membrane underneath. The deformation is such that more and less favorable regions for island nucleation are created on the opposite side of the membrane. Typically it is less favorable to nucleate directly below the middle of the island and more favorable below the island-membrane-liquid junction. Thus when an island nucleates on the opposite side of the membrane it is more likely to nucleate below the junction. When this island grows it will then create favorable regions on top of the membrane and an island will nucleate on the top side near the junction of the new island of the bottom. In principle this process can repeat itself and lead to correlated island growth on two sides of the membrane. To examine this phenomena simulations were undertaken for spontaneous formation of the islands on both sides of the membrane. The simulations were conducted using the parameters of the previous section with ψ S = 0.05. To initiate island nucleation on both sides of the membrane the concentration in a thin layer (of thickness ∼1.5a + eq ) above and below the membrane was initially set to ψ = 0.083(1 ± η) where η is a random number between 0 and 1.
Results of the simulations are shown in figure 8 for membranes of approximate thicknesses of 6, 12 and 24 atomic layers. While in no case is a perfect ordering seen, it is clear that the island are much more ordered for the thinnest membrane due to stronger correlation between two sides of the membrane. More specifically there are no occurrences of an island growing directly below (or above) an island on the opposite side of the membrane of thickness of 6 atomic layers. In contrast for the 24 atomic layer thick membrane, islands appear in an apparently random position with respect to the islands on the other side of the membrane, showing the decoupling of island growth of the two sides as a result of thick substrate.
Conclusions
In this paper the growth of quantum dots or islands on very thin nanomembranes was examined using the amplitude representation of a binary phase field crystal model. The results of this study indicate that the maximum size that an island can grow coherently with the membrane increases with decreasing membrane thickness. This increase is essentially due to partial release of the elastic energy in the membrane. In addition it has been observed that correlated island formation can occur for thin enough membranes such that the islands prefer to nucleate below the island-membrane-liquid junctions of those islands growing on the opposite side.
